A McFarland difference set is a difference set with parameters (v,k, 2)= (qd+l (qd+qa-l+...+q+2),qa(qd+qa l+...+q+l), qd(qa-l+qa-2+...+ q+ 1)), where q=p/and p is a prime. Examples for such difference sets can be obtained in all groups of G which contain a subgroup E ~-EA(q a+ 1) such that the hyperplanes of E are normal subgroups of G. In this paper we study the structure of the Sylow p-subgroup P of an abelian group G admitting a McFarland difference set. We prove that if P is odd and P is self-conjugate modulo exp(G), then p ~_ EA(qa+ 1). For p = 2, we have some strong restrictions on the exponent and the rank of P. In particular, we show that iff>~2 and 2 is self-conjugate modulo exp(G), then exp(P)~<max{2 f-i, 4}. The possibility of applying our method to other difference sets has also been investigated. For example, a similar method is used to study abelian (320, 88, 24)-difference sets.
where n=k- 2 and D ( l~={g-l:g~D}. For detailed descriptions of difference sets, please consult [3, 8, or 10] . McFarland [12] has given a construction for difference sets having the parameters (v, k, 2, n) equal to (qa+~(qa+qa-l + ... +q+2), qa(qa+qa-l + ... +q+ 1), qa(qa-1 + qa-2 + ... + q + 1), q2a), where q is any prime power and d is any positive integer. In this paper, a difference set with these parameters is called a McFarland difference set.
It is known that McFarland difference sets exist in all groups G which contain a subgroup E~EA(q a+~) such that the hyperplanes of E are normal subgroups of G. (Actually, the condition on the hyperplanes can be relaxed; see [5, 7] .) When q=2, we have (v,k, 2, n)-=(22a+2, 22a+ 1 _ 2 a, 22a_ 2 a, 22a) and these difference sets are also known as Menon difference sets in 2-groups; see [8] . There are various constructions of these difference sets; see [4, 6, 9, 11] . We summarize the results in the abelian case in the following. Based on a result of Turyn [ 13] , it is easy to obtain the following necessary conditions on the existence of McFarland difference sets. Let p be a prime and m =ptw, where (p, w)= 1 Then p is called self-conjugate modulo m if p J----l(mod w) for some integer j. 
Suppose that p is self-conjugate modulo exp(G). If G contains a McFarland difference set, then
(a) p is odd and exp(P) ~<pF; or (b) p = 2, f~> 2, and exp(P) ~< 2 f+ 1; or (c) p=2, f= 1, and exp(P) ~<2 a+2.
Note that Theorems 1.1 and 1.2 give necessary and sufficient conditions for the existence of McFarland difference sets when p = 2 and f = 1, i.e., case (c). (For this case, it is obvious that 2 is self-conjugate modulo exp(G).) Thus it is natural to ask whether we can narrow the gaps between the two theorems in the remaining cases. Recently, Arasu, Davis, Jedwab, and Ma [ 1 ] have improved the bound in cases (a) and (b) of Theorem 1.2 to p f-1 and 2 f respectively, when d= 1 and f>~ 2. In this paper, we shall show that if p is odd and p is self-conjugate modulo exp(G), then P~-EA(qa+I); i.e., in this case, Theorem 1.1(a) is necessary and sufficient. For p=2 and f>~2, an upper bound better than Theorem 1.2(b) will be obtained. Furthermore, we shall provide necessary conditions on the rank of the Sylow 2-subgroup and the size of d if the exponent of G falls between our upper bound and the lower bound given by Theorem 1.1. Also, our technique will be shown to be applicable to other difference sets as well. In Section 2, some useful lemmas will be given. The cases when p is odd and p = 2 will be studied separately in Sections 3 and 4.
PRELIMINARIES
In this section, we shall state some lemmas which will be used in the later sections. Throughout this paper, all the groups considered are abelian and we assume that all group homomorphisms are extended to the group rings in the natural way. Also, we adopt the following notation: for y = The following is a well-known result for the study of difference sets. Hence, p(D) has the form described in (3.3) . Now, we apply Lemma 2.4 with s =f-r -1, m = t-1, fi =pfa, e = 0, e' =pfa-f+r+,. This yields pfa<<. 
WHEN p = 2
Now, let us study case (b) of Theorem 1.2, i. e., p = 2 and f/> 2. This case is more complicated than the case of odd p.
THEOREM 4.1 Let G be an abelian group of order 2 f(d + 1)( 2 ya + 2 f(a-1 ~ +
• .-+2f+2), where f~2 is self-conjugate modulo exp(G). Let P be the Sylow 2-subgroup of G with exp(P)=2f-r+l>j8 and rank(P)=t. Write
where O(go)=exp(P) and o(gi) =2a~ < exp (P) for i=1,2 .... , t-1, and let bl s) .2) where P~ and xi are chosen as described in Lemma 2.3. Here we can regard Xl, x2, ..., xF_r+l as subsets of G and they can be chosen in a way that for each i no two elements of xi are in the same coset of P~. Note that For f=4, if 2 is self-conjugate modulo exp(G), exp(P)~>8 and G contains a McFarland difference set, then by Corollary 4.2, we have d= 1 and G can only be either (7/8) 3 x (7/3) 2 or (7/8) 3 x Zs. The existence in these two cases is unknown.
Similar to Section 3, the proof of Theorem 4.1 can certainly be generalized to tackle other difference sets. Instead of proving a general theorem analogous to Theorem 4.1, we prove the nonexistence of some particular difference sets. This contradicts (4.6) . |
